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Let X,, X, be topological spaces and Y their product. Denote by M,(X,), 
M,(X,), and M,( Y) the spaces of non-negative, finite, and r-smooth Bore1 
measures on X,, X,, and Y, respectively, endowed with the weak topology. The 
map ,4: M,(Y) + M,(X,) x M,(X,) assigns to each measure on the product space 
its pair of marginals. We show the map A: M,(Y) + A(M,( Y)) and the restriction 
of ,4 to the spaces of probability measures to be open for arbitrary spaces X, 
and X,. X? 1990 Academic Press, Inc. 
INTRODUCTION 
Let X,, X, be topological spaces, Y = X, x A’,, and rrn,, ‘/t, the projec- 
tions. Denote by M,(X,) and M,(Y) the spaces of non-negative, finite, and 
r-smooth Bore1 measures on A’,, k = 1, 2, and Y, respectively, endowed 
with the weak or narrow topology (see [6] or [S]). The projections rck 
induce mappings Zk: M,(Y) -+ M,(X,) which build up an operator that is 
of interest in probability theory: 
The collection of all occurring pairs of marginals is 
since by the result of P. Ressel in [2], given any measures POEM, 
their product measure on the product of the Bore1 a-fields can be extended 
to a measure p, 6 p2 E M,(Y). While continuity of ,4 is obvious, L. Q. 
Eifler has shown the openness of the restriction of A to the spaces of tight 
probability measures on compact spaces X, , X, (see [ 11). But, in fact no 
restriction to the spaces A’, and X, is necessary, even in the more general 
case of r-smooth measures. By a completely different proof, whose idea will 
be described below, we show the openness of the mapping 
f-f:M,(Y)+A(M,(Y)) 
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for arbitrary topological spaces X, and X,. Evidently, this yields the open- 
ness of the maps jik. This remark should be seen in connection with [4], 
where the author investigates the openness of those mappings 1 which 
assign to each non-negative and finite Bore1 measure on a topological 
space Z, its image measure induced by a Bore1 measurable mapping 
f: z, -+ z,. 
Let us conclude the introduction with the mentioned idea of the proof of 
the theorem. It will be shown that, given an open set r in M,(Y) and a 
measure p E r, there exists a finite sum of product measures that is 
contained in r and has the same marginals as p. So to investigate A(f) 
we may restrict A to the set 
But ,4 ,-, is essentially an addition of the factors pi, i 5 1, and pi, i 5 1, 
respectively. The proof will therefore be finished by the main result of [3], 
namely the openness of 
for arbitrary topological spaces X. 
NOTATIONS 
For a topological space A’, 
(a) 9?(X) is the family of all open sets in X, 
(b) g(X) is the family of all Bore1 sets in X. 
The set of all Bore1 measures on X, which are always assumed to be non- 
negative, finite, and t-smooth (see [6, p. XII]), is denoted by M,(X), the 
subset of probability measures by P,(X). M,(X) is endowed with the weak 
topology, i.e., the topology generated by the requirements 
p --) p(X) is continuous, 
p -+ p(G) is lower semicontinuous for G E 9(X). 
By 1 Bp we abbreviate the measure defined by 
1 SAC) = PL(B C-Y C) for each C E a(X), 
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for B E 8(X), ,U E M,(X). Given topological spaces X, and measures 
pk E M,(X;,), k = 1,2, we denote by pL1 6 p2 E M,(X, x A’,) the r-smooth 
extension of ~1~ @ 1-1~ from .B(X,)@8(Xz) to 53(X, xX,) (see [2]). 
THE THEOREM 
Given topological spaces X1 and XI, Y = X, x A’,, and the projections 
rck, k = 1, 2, the mapping which assigns to each measure on Y its image 
measure induced by rr/, is abbreviated by Ek, i.e., 
f&b)(B) = An, ‘(B)) for BE g(X,), p E M,( Y). 
The range of the investigated mapping is 
N=((~,,~Uz)EM,(X,)xM,(X*):~,(X,)=~~(X*)}, 
considered as a subspace of M,(X,) x M,(X,). The result of this paper now 
reads: 
THEOREM. The maps 
and 
‘4: P,(Y) 3 P -+ (ffl(P), MP)) E P,u-,) x PAX*) 
are open for arbitrary topological spaces X, and X2. 
Prooj Since for f c M,(Y) 
n(fn P,(Y)) = n(r) n (PAX,) x P,(XdL 
it is sufftcient to prove the openness of the first map. To this end consider 
the product spaces 2, = N’ for I? 1 and the topological sum Z= UI, r Z, - 
together with the mappings 
Y:--w&),,,,,+ (i Pi> f: Pi)EN. 
i= 1 i= I 
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We are done if the following statements have been shown: 
(1) @ is continuous, 
(2) Y is open, 
(3) A(r) = Y(W’(T)) for each open TC M,( Y). 
(1) for 12 1 the continuity of @ Iz, has to be established. This is an 
obvious consequence of the continuity of the maps 
MO-,) x MAX,) 3 (PI 2 112) + PI 6 112 E MA n 
Mz(Y)3P+ o 
1 
P(w’2 P 
if p#O 
if p=O E MA n 
(see [2, Theorem 1 ] for the first mapping). 
(2) We have to show the openness of VI.,, for 12 1. To this end 
consider measures pi E M,(X,) and open sets r; c M,(X,) such that 
z= (PL:, . . . . p:, PL:, ..., P:)E(~:x . . . xr:xrix ... xr:)nZ,=u. 
There are open sets ri, with p(; or; c r; and an E > 0 such that for any 
1 I i I 1 and any measures p E r;, p E M,(X,), the condition -- 
suP{Ip(B)-p(B)1 : BEg( <s 
implies p E r; . We claim 
Only the inclusion has to be shown. Given a pair (vr , v2) E V, which has 
the form (v,, L,)=(_v:+ . . . +_v’ r, vi + ... + vi), we construct measures vi 
such that vi+ ... +vi=v,, r;(X,) = vi(X2), and sup{ Iv;(B) - y;(B)\: 
BE 4?(X,)} <E for each 1 5 i 5 1 by enlarging the measures with _v;(X,) <
vi(X,) and reducing those with _v;(X,) > vi(X,). Then z’ = (vi, . . . . vi, 
1 
v2, . . . . V:)E U and !J’(z’)= (v,, v2) hold. The proof of (2) is now finished 
with the crucial remark that the set V is open in N since addition is open 
in M,(X,) by a previous result of the author (see [3]). 
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(3) Let f c M,(Y) be open. Since ,4 # = Y holds true, the inclusion 
“ 3 ” is clear. To establish the reverse inclusion, let a measure P~)E I‘ be 
given. We have to show the existence of ; E Z such that n(pO) = $(z) and 
Q(z) E r. In other words, we have to look for a finite sum of product 
measures which lies in f and possesses the same marginals as p,). 
Assume r to be of the form 
r= {p~M,(y):p(G,)>y, for 1 sjsn and p(Y)<6) 
for Gje ‘9(Y) and reals yi and 6. Since pO is z-smooth we may assume 
G,= () lJ;xU; 
TE I, 
for finite index sets I, and UL E 9(X,). If the atoms of the o-field generated 
by {U;:YEI~, lsjsn) in X, are denoted by BL,..., BP for k=l,2, the 
space Y is now divided into “rectangles” B; x Bi. Given any 1 5 j 5 n, each 
rectangle either lies in Gi or has an empty intersection with G,. So we 
define 
pb, = POCK x B:) 
1 p,(B;) lB;pl’ * 
ps, = PO(B; x 6) 1 
PAB:) 
B;p2, 
where pk = &&,), k = 1,2, and 
(s, t)EIl= {(s, t): 1 sssrn,, 15t~m,,andp,(B”;xB~)>O}. 
This yields 
and 
= c P,(B”, x B:) =P,(G,)> (S,I)E I’ 
B;XB;CG, 
for each 1 5 js n, which finishes the proof. 1 
Let us conclude with the remark that the theorem can be generalized easily 
to the case of arbitrary finite products of topological spaces. 
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